A finite loop space X is said to have a maximal torus if there is a map /: BT -» BX where T is a torus such that rank(T) = rank(A') and the homotopy fibre of / has the homotopy type of a finite complex.
Abstract.
A finite loop space X is said to have a maximal torus if there is a map /: BT -» BX where T is a torus such that rank(T) = rank(A') and the homotopy fibre of / has the homotopy type of a finite complex.
The Weyl group Wj-of / is the set of homotopy classes w: BT -» BT such that BT ^ BT f\ / f BX homotopy commutes. In this note we prove that Wj is always finite.
By a finite loop space we understand a topological space X such that:
• X has the homotopy type of a finite complex, • X has the homotopy type of a topological group. N.B. It is not assumed both structures may be realized on the same space simultaneously.
A compact Lie group is a finite loop space, but there are well-known examples (see, e.g., the book of Richard Kane [2] and the references there) of finite loop spaces which are not Lie groups. An important idea, introduced by Rector [7] (see also [6, 1, II, III; 5] ) for the study of finite loop spaces is that of a maximal torus.
Definition. If X is a finite loop space, a maximal torus for X is a map /: BT -> BX where B(-) is the classifying space functor and T is a torus such that • rank(T) = rank(X) (see next page for definition of rank), • the homotopy fibre F of j has the homotopy type of a finite complex.
A finite loop space need not have a maximal torus as Rector showed [7] , and if Jt* is a fake Lie group, then it has a maximal torus if and only if it is a Lie group [6, I-III; 5]. For a finite loop space with maximal torus, Rector adapted a further concept from Lie theory, namely, the Weyl group.
Definition. If A" is a finite loop space with a maximal torus /: BT -> BX, then the Weyl group ojj, Wf, is the group of homotopy classes of maps w: BT -» BT such that BT ^ BT f\ / f BX homotopy commutes.
Notice that [BT, BT] ~ GL(aj; Z), where n = rank(T), so Wf < GL(n; Z). If G is a compact connected Lie group and X a fake Lie group (e.g., X = G) of type G (see [6, 1] for definitions) with a maximal torus /: BT -> BX (e.g., j = Bp where p: T «-> G is the inclusion of a maximal torus), then Wf ~Wq . However, for a general finite loop space there seems no reference for the fact that Wf is a finite group.f We rectify this in the following:
Theorem. Let X be a connected finite loop space and suppose X has a maximal torus fi: BT -► BX. Then the Weyl group Wf is finite, and \Wf\ is a divisor oj d = dx ■ ■ ■ d" where (2dx -I, ... , 2d" -I) is the type oj X.
The type of a finite loop space X (or //-space) is defined following Hopf (see, e.g., [3] ) who showed
where the integers 2d\ -1, ... , 2dn -1 are called the type of X and n its rank. If X is a Lie group, then the rank as just defined coincides with its rank as a Lie group.
Prooj. Let X have rank n and type (2dx -1, ... , 2d" -1). By the Leray-Samelson theorem [3] it follows that for sufficiently large primes p or p The preceding theorem answers yet one more question about the Weyl group of a maximal torus for a finite loop space but leaves open many more. In particular:
• Is the Weyl group of a finite loop space with maximal torus nontrivial?
• Is H*(BX;¥P) the ring of invariants of Wf acting on H*(BT;¥P)1 Affirmative answers would classify the possible Weyl groups as the groups generated by reflections and answer in the affirmative the question of whether the type of a finite loop space with maximal torus must coincide with that of a Lie group.
